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Abstract
We define and study on Lorentz manifolds a family of covariant diffusions in
which the quadratic variation is locally determined by the curvature. This allows the
interpretation of the diffusion effect on a particle by its interaction with the ambient
space-time. We will focus on the case of warped products, especially Robertson-
Walker manifolds, and analyse their asymptotic behaviour in the case of Einstein-de
Sitter-like manifolds.
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1 Introduction
It is known since Dudley’s pioneer’s work [Du] that a relativistic diffusion, i.e. a Lorentz-
covariant Markov diffusion process, cannot exist on the base space, even in the Minkowski
framework of special relativity, but possibly makes sense at the level of the tangent bundle.
In this spirit, the general case of a Lorentz manifold was first investigated in [F-LJ], where
a general relativistic diffusion was introduced. The quadratic variation of this diffusion is
constant and does not vanish in the vacuum. In this article, we investigate diffusions whose
quadratic variation is locally determined by the curvature of the space, and then vanishes
in empty (or at least flat) regions.
The relativistic diffusion considered in [F-LJ] lives on the pseudo-unit tangent bundle
T 1M of the given generic Lorentz manifold (M, g). As is recalled in Section 3.1 below, it
can be obtained by superposing, to the geodesic flow of T 1M, random fluctuations of the
velocity that are given by hyperbolic Brownian motion, if one identifies the tangent space
T 1ξM with the hyperbolic space Hd (at point ξ ∈M, by means of the pseudo-metric g).
These Brownian fluctuations of the velocity can be defined by the vertical Dirichlet form∫
T 1M
∣∣∣∇vξ˙F (ξ, ξ˙)∣∣∣2 µ(dξ, dξ˙) , considered with respect to the Liouville measure µ .
The Dirichlet forms we investigate in this article depend only on the local geometry of
(M, g), e.g. on the curvature tensor at the current point ξ , and on the velocity ξ˙ . We
consider several examples :
- If the scalar curvature R(ξ) is everywhere non-positive (which is physically relevant, see
[L-L]), then the Dirichlet form can be : −
∫
T 1M
∣∣∣∇vξ˙F (ξ, ξ˙)∣∣∣2R(ξ)µ(dξ, dξ˙) ,
leading to the covariant relativistic diffusion we call R-diffusion.
- If the energy E(ξ, ξ˙) is everywhere non-negative (which is physically relevant, see [L-
L], and [H-E], where this is called the “weak energy condition”), then we can choose the
Dirichlet form to be :
∫
T 1M
∣∣∣∇vξ˙F (ξ, ξ˙)∣∣∣2 E(ξ, ξ˙)µ(dξ, dξ˙) ,
leading to another covariant relativistic diffusion, we call energy E-diffusion.
Contrary to the basic relativistic diffusion, these new relativistic diffusions reduce to the
geodesic flow in every empty (vacuum) region.
Note that −R(ξ) and E(ξ, ξ˙) could be replaced by ϕ(R(ξ)) and ψ(E(ξ, ξ˙), for more
or less arbitrary non-negative increasing functions ϕ, ψ. We shall present this class of
covariant Ξ-relativistic diffusions, or Ξ-diffusions, in Section 3 below.
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- If the sectional curvatures of timelike planes are everywhere non-negative (sectional cur-
vature has proved to be a natural tool in Lorentzian geometry, see for example [H], [H-R]),
as this is often the case (at least in usual symmetrical examples), then it is possible to
construct a covariant sectional relativistic diffusion which undergoes velocity fluctuations
that are no longer isotropically Brownian, using the whole curvature tensor (not the Ricci
tensor alone). See Section 6 below. This sectional relativistic diffusion depends on the
curvature tensor in a canonical way. Its diffusion symbol vanishes in flat regions (i.e. re-
gions where the whole curvature tensor vanishes), but does not vanish, in general, in empty
regions (i.e. regions where the Ricci tensor vanishes).
Note that all these covariant diffusions are the projections on T 1M of diffusions on the
frame bundle G(M). Actually, they are constructed directly on G(M), as in [F-LJ] and
in the classical construction of Brownian motion on Riemannian manifolds, see [El], [M],
[I-W], [Em], [Hs], [A-C-T]. These constructions are performed in Sections 3 and 6 below.
Note also that, while in the flat case the Dudley diffusion [Du] is the unique covariant
diffusion, the above examples show that this is not at all the same for curved spaces.
In Sections 4 and 5, we study in more detail the case of warped products, and spec-
ify further some particularly symmetrical examples, namely Robertson-Walker manifolds,
which are warped products with energy-momentum tensor of perfect fluid type.
We investigate more closely Einstein-de Sitter-like manifolds (Robertson-Walker mani-
folds for which the expansion rate is α(t) = tc for some positive c), reviewing in this simple
class of examples, the relativistic diffusions we introduced, which appear to be distinct.
We perform in this setting an asymptotic study of the R-diffusion, and of the minimal
sub-diffusion (ts, t˙s) relative to the energy E-diffusion.
2 Canonical vector fields and curvature
We present in this section the main notations and recall a few known facts (see [K-N]).
2.1 Isomorphism between
∧
2
R
1,d and so(1, d)
On the Minkowski space-time R1,d, we denote by η = ((ηij))0≤i,j≤d the Minkowski tensor
1 0 . . . 0
0 −1 . . . 0
...
. . .
...
0 . . . 0 −1
 . We also denote by ((ηij))0≤i,j≤d the inverse tensor, so that ηijηjk = δki
(or equivalently : ηij = ηij := 1{i=j=0} − 1{1≤i=j≤d}), and by 〈·, ·〉η the corresponding
Minkowski pseudo-metric. For u, v, w ∈ R1,d, we set
u ∧ v (w) := 〈u, w〉η v − 〈v, w〉η u . (1)
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In other terms, this is the interior product of u ∧ v by the dual of w with respect to η .
This defines an endomorphism of R1,d which belongs to so(1, d), since for any w,w′ ∈ R1,d
we have clearly 〈u ∧ v(w), w′〉η + 〈w, u ∧ v(w′)〉η = 0 . It vanishes only if u and v are
collinear, hence if and only if u ∧ v = 0 . We have thus an isomorphism between ∧2R1,d
and so(1, d).
Remark 2.1.1 The Lie bracket of so(1, d) can be expressed, for any a, b, u, v ∈ R1,d, by :
[a ∧ b, u ∧ v] = 〈a, u〉η b ∧ v + 〈b, v〉η a ∧ u− 〈a, v〉η b ∧ u− 〈b, u〉η a ∧ v .
The Minkowski pseudo-metric 〈·, ·〉η extends to
∧2
R
1,d, by setting :
〈u ∧ v, a ∧ b〉η := 〈u, a〉η 〈v, b〉η − 〈u, b〉η 〈v, a〉η = 12
(〈u ∧ v(a), b〉η − 〈u ∧ v(b), a〉η), (2)
so that, if (e0, . . . , ed) is a Lorentz (i.e. pseudo-orthonormal) basis of (R
1,d, η), then
(ei ∧ ej | 0 ≤ i < j ≤ d) is an orthogonal basis of (
∧2
R
1,d, η), such that 〈ei ∧ ej , ei ∧ ej〉η =
ηii ηjj .
2.2 Frame bundle G(M) over (M, g)
Let M be a time-oriented C∞ (1+d)-dimensional Lorentz manifold, with pseudo-metric
g having signature (+,−, . . . ,−), and let T 1M denote the positive half of the pseudo-
unit tangent bundle. Let G(M) be the bundle of direct pseudo-orthonormal frames, with
first element in T 1M , which has its fibers modelled on the special Lorentz group. Let
π1 : u 7→
(
π(u), e0(u)
)
denote the canonical projection from G(M) onto the unit tangent
bundle T 1M , which to each frame (e0(u), . . . , ed(u)) associates its first vector e0 .
We denote by TM π2−→M the tangent bundle, by Γ(TM) the set of C2 vector fields on
M (sections of π2), by G(M) π−→M the frame bundle, by u =
(
π(u); e0(u), . . . , ed(u)
)
the generic element of G(M). We extend (1) to a linear action of so(1, d) ≡ ∧2R1,d on
G(M), by setting :
ek ∧ eℓ (ej(u)) := ηjk eℓ(u)− ηjℓ ek(u) , for any 0 ≤ j, k, ℓ ≤ d ,
where (e0, . . . , ed) denotes the canonical basis of R
1,d.
The action of SO(d) on (e1, . . . , ed) induces the identification T 1M≡ G(M)/SO(d).
The right action of so(1, d) on G(M) defines a linear map V from so(1, d) into vector
fields on G(M) (i.e. sections of the canonical projection of TG(M) on G(M)), such that
[Va∧b, Vα∧β] = V[a∧b,α∧β] , for any a ∧ b , α ∧ β ∈
∧
2
R
1,d. (3)
Vector fields Va∧b are called vertical.
Notation To abreviate the notations, we shall consider mostly the canonical vector fields :
Vij := Vei∧ej , for 0 ≤ i, j ≤ d .
4
By (3) and (1), for 0 ≤ i, j, k, ℓ ≤ d we have :
[Vij, Vkℓ] = ηik Vjℓ + ηjℓ Vik − ηiℓ Vjk − ηjk Viℓ . (4)
We shall often write Vj for V0j .
Denote by p the canonical projection TTM p−→ TM , by p˜ the canonical projection
TG(M) p˜−→ G(M), and consider also the projection TTM (p,Tπ2)−−−−→ TM⊕ TM , where
TM⊕ TM := {(ξ ; v1, v2) ∣∣ ξ ∈M , vi ∈ TξM} ≡ {(w1, w2) ∣∣wi ∈ TM , π2(w1) = π2(w2)}
is the so-called Whitney sum.
A connection σ can be defined as a bilinear section TM⊕TM σ−→ TTM of (p, Tπ2),
the bilinearity being that of (v1, v2) 7→ σ(ξ ; v1, v2), above any given base point ξ ∈M.
Given such a connection σ and a C1 curve γ , the parallel transport
//γ
t
along γ of
any v0 ∈ Tγ0M is vt =
//γ
t
v0 ∈ TγtM defined by the ordinary differential equation :
d
dt
(γt ; vt) = σ(γt ; vt , γ˙t) . Then the covariant derivative ∇γ˙0X(γ0) ∈ Tγ0M of a C1
vector field X is defined as the derivative at 0 of t 7→ (//γ
t
)−1
X(γt) .
A connection σ is said to be metric if the associated parallel transport preserves the
pseudo-metric, and then acts on G(M) as well as on TM .
A metric connection σ defines the horizontal vector fields Hk onG(M), for 0 ≤ k ≤ d ,
given for any F ∈ C1(G(M)) and u ∈ G(M), by :
HkF (u) is the derivative at 0 of t 7→ F
(//γ
t
u
)
, (5)
the C1 curve γ being such that γ0 = π(u), γ˙0 = ek(u) . Note that Tπ(Hk) = ek .
The canonical vectors Vij , Hk span TG(M)
(
the horizontal (resp. vertical) sub-bundle
of TG(M) being spanned by Hk’s (resp. Vij’s)
)
. Note that H0 generates the geodesic
flow, that V1, . . . , Vd generate the boosts, and that the Vij (1 ≤ i, j ≤ d) generate rotations.
This allows to define the intrinsic torsion tensor ((T kij )) and curvature tensor ((Rijkℓ)) (with
0 ≤ i, j, k, ℓ ≤ d) of the metric connection σ, by the assignment :
[Hi, Hj] =
d∑
k=0
T kij Hk +
∑
0≤k<ℓ≤d
Rijkℓ Vkℓ (6)
we can denote more simply by T kij Hk + 12 Rijkℓ Vkℓ .
For any metric connection we have :
[Vij, Hk] = ηikHj − ηjkHi , for 0 ≤ i, j, k ≤ d . (7)
There exists a unique metric connection with vanishing torsion, called the
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Levi-Civita connection. We shall henceforth consider this one.
The curvature operator Rξ is defined on
∧2 TξM by :
Rξ
(
ei(u)∧ej(u)
)
:=
∑
0≤k<ℓ≤d
Rijkℓ ek(u)∧eℓ(u), for any u ∈ π−1(ξ) and 0 ≤ i, j ≤ d . (8)
The curvature operator is alternatively given by : for any C1 vector fields X, Y, Z,A ,
〈R (X ∧ Y ) ,A ∧ Z〉η =
〈(
[∇X ,∇Y ]−∇[X,Y ]
)
Z , A
〉
g
. (9)
The Ricci tensor and Ricci operator are defined, for 0 ≤ i, k ≤ d , by :
Rki :=
d∑
j=0
Rijkj , and Ricciξ
(
ei(u)
)
:=
d∑
k=0
Rki ek(u) , for any u ∈ π−1(ξ) . (10)
The scalar curvature is : R :=
d∑
k=0
Rkk .
The indexes of the curvature tensor ((Rijkℓ)) and of the Ricci tensor ((Rki )) are lowered or
raised by means of the Minkowski tensor ((ηab)) and its inverse ((ηab)). For example, we
have : Rpjqr = Rijkℓ ηip ηkq ηℓr , and Rij = Rki ηkj .
Remark 2.2.1 The curvature and Ricci operators and tensors are symmetrical :
〈R(a ∧ b), v ∧ w〉η = 〈a ∧ b,R(v ∧ w)〉η , and 〈Ricci(v), w〉η = 〈v,Ricci(w)〉η ,
for any a, b, v, w ∈ R1,d. Equivalently, for 0 ≤ i, j, k, ℓ ≤ d : Rijkℓ = Rkℓij, and Rij = Rji .
The energy-momentum tensor ((T kj )) and operator Tξ are defined as :
T kj := R
k
j − 12 Rδkj and Tξ := Ricciξ − 12 R . (11)
Note that
d∑
j=0
T jj = −d−12 R . The energy at any line-element (ξ, ξ˙) ∈ T 1M is
E(ξ, ξ˙) := 〈Tξ(ξ˙), ξ˙〉g(ξ) = T00(ξ, ξ˙) . (12)
The last equality is easily derived from (10) and (11) since writing (ξ, ξ˙) = (π(u), e0(u))
for any u ∈ π−11 (ξ, ξ˙) and Tij = T ki ηkj , we have :
〈Tξ(ξ˙), ξ˙〉g(ξ) = g
(
Tξ(e0), e0
)
= g(T k0 ek, e0) = T
k
0 ηk0 = T00 = T00(ξ, ξ˙) .
The weak energy condition (see [H-E]) stipulates that E(ξ, ξ˙) ≥ 0 on the whole T 1M.
We shall need the following general computation rule.
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Lemma 2.2.2 For 0 ≤ i, j, k, ℓ, p, q ≤ d , we have :
VqpRijkℓ = ηqiRpjkℓ−ηipRqjkℓ+ηqjRipkℓ−ηjpRiqkℓ+δkq Rijpℓ−δkp Rijqℓ−δℓqRijpk+δℓpRijqk.
Proof Using (8) and (1), we have indeed :
= ηqiRpjkℓ − ηipRqjkℓ + ηqjRipkℓ − ηjpRiqkℓ + δkq Rijpℓ − δkp Rijqℓ − δℓqRijpk + δℓpRijqk. ⋄
2.3 Expressions in local coordinates
Consider local coordinates (ξi, ekj ) for u = (ξ, e0, . . . , ed) ∈ G(M), with ej = ekj
∂
∂ξk
.
Then the horizontal and vertical vector fields Vij , Vj, Hk , which satify the commutation
relations (4),(6),(7) of the preceding section 2.2, read as follows. First, denoting by Γℓkj =
Γℓjk the Christoffel coefficients of the Levi-Civita connexion ∇, we have for 0 ≤ i, j ≤ d :
∇ ∂
∂ξi
∂
∂ξj
= Γkij(ξ)
∂
∂ξk
and Hj = e
k
j
∂
∂ξk
− ekj emi Γℓkm(ξ)
∂
∂eℓi
. (13)
This is consistent with (5). Indeed, we have a priori an expression Hj = akj
∂
∂ξk
+ bℓji
∂
∂eℓi
,
with on one hand akj = 〈Tπ(Hj), dξk〉 = 〈ej , dξk〉 = ekj . On the other hand, for a C1 curve
γ satisfying γ0 = ξ , γ˙0 = ej , denoting by e−1 the matrix inverse to e ≡ ((eki )) we have :
ekj Γ
ℓ
km
∂
∂ξℓ
= ∇γ˙0
∂
∂ξm
= ∇γ˙0
(
(e−1)im ei
)
=
do
dt
[(//γ
t
)−1(
(e−1)im ei
)(//γ
t
u
)]
=
do
dt
[
(e−1)im
(//γ
t
u
)]
ei = Hj
(
(e−1)im
)
eℓi
∂
∂ξℓ
= −(e−1)imHj(eℓi)
∂
∂ξℓ
by (5), so that bℓji = Hj(e
ℓ
i) = −ekj emi Γℓkm as wanted.
Recall that the Christoffel coefficients of ∇ are computed by :
Γkij =
1
2
gkℓ
(∂gℓj
∂ξi
+
∂giℓ
∂ξj
− ∂gij
∂ξℓ
)
,
or equivalently, by the fact that geodesics solve ξ¨k + Γkij ξ˙
iξ˙j = 0 .
Then for 0 ≤ i, j, k ≤ d :
Vij ek = ηik ej − ηjk ei = (ηik eℓj − ηjk eℓi)
∂
∂ξℓ
= (ηiq e
m
j − ηjq emi )
∂
∂emq
eℓk
∂
∂ξℓ
,
whence for 0 ≤ i, j ≤ d :
Vij = (ηiq e
m
j − ηjq emi )
∂
∂emq
, (14)
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that is : Vij = e
k
i
∂
∂ekj
− ekj
∂
∂eki
and Vj = e
k
0
∂
∂ekj
+ ekj
∂
∂ek0
, for 1 ≤ i, j ≤ d .
The curvature operator expresses in a local chart as : for 0 ≤ m,n, p, q ≤ d ,
R˜mnpq :=
〈
R
(
∂
∂ξm
∧ ∂
∂ξn
)
, ∂
∂ξp
∧ ∂
∂ξq
〉
g
= gmr
(
Γrps Γ
s
nq − Γrqs Γsnp +
∂Γrnq
∂ξp
− ∂Γ
r
np
∂ξq
)
. (15)
Then, the Ricci operator can be computed similarly, as : for 0 ≤ m, p ≤ d ,
R˜mp :=
〈
Ricci( ∂
∂ξm
) , ∂
∂ξp
〉
g
= R˜mnpq gnq = ΓnnqΓqmp − Γnpq Γqmn +
∂Γnmp
∂ξn
− ∂Γ
n
mn
∂ξp
. (16)
The scalar curvature and the energy-momentum operator can be computed by :
R = R˜ij g
ij and T˜ℓm = R˜ℓm − 12 Rgℓm . (17)
To summarize, the Riemann curvature tensor ((Rijkℓ)) is made of the coordinates of
the curvature operator R in an orthonormal moving frame, and its indexes are lowered
or raised by means of the Minkowski tensor ((ηab)), while the curvature tensor ((R˜mnpq))
is made of the coordinates of the curvature operator in a local chart, and its indexes are
lowered or raised by means of the metric tensor ((gab)).
To go from one tensor to the other, note that by (15) and (8) we have
R( ∂
∂ξm
∧ ∂
∂ξn
)
= 1
2
R˜mnab ∂∂ξa ∧ ∂∂ξb , whence : eki eℓj R˜kℓpq = Rijmn epm eqn , or equivalently :
Rijab = R˜kℓrs eki eℓj era esb , or as well : R˜rspq = Rabmn era esb epm eqn . (18)
2.4 Case of a perfect fluid
The energy-momentum tensor T (of (11), or equivalently T˜ , recall (17)) is associated
to a perfect fluid (see [H-E]) if it has the form :
T˜kℓ = q Uk Uℓ − p gkℓ , (19)
for some C1 field U in T 1M (which represents the velocity of the fluid), and some C1
functions p, q on M . By Einstein Equations (17), (19) is equivalent to :
R˜kℓ = q Uk Uℓ + p˜ gkℓ , with p˜ = (2p− q)/(d− 1), (20)
or as well, by (16), to :
〈Ricci(W ),W 〉η = q × g(U,W )2 + p˜× g(W,W ) , for any W ∈ TM . (21)
The quantity 〈U(ξs), ξ˙s〉, (which is the hyperbolic cosine of the distance, on the unit
hyperboloid at ξs identified with the hyperbolic space between the space-time velocities
of the fluid and the path) will be denoted by As or A(ξs, ξ˙s).
Note that necessarily As ≥ 1 . By Formulas (12) and (19), the energy equals :
E(ξ, ξ˙) = q(ξ)A(ξ, ξ˙)2 − p(ξ). (22)
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Remark 2.4.1 (i) The energy of the fluid is simply : T˜kℓ Uk U ℓ = q − p . and the
scalar curvature equals R = 2 [(d+ 1) p− q]/(d− 1).
(ii) By (22), the weak energy condition reads here : q ≥ p+.
3 Covariant Ξ-relativistic diffusions
Let Ξ denote a non-negative smooth function on G(M), invariant under the right
action of SO(d) (so that it identifies with a function on T 1M).
Our examples will be Ξ = − ̺2R and Ξ = ̺2 E (for a positive constant ̺).
We call Ξ-relativistic diffusion or Ξ-diffusion the G(M)-valued diffusion process (Φs)
associated to Ξ we will construct in Section 3.2 below, as well as its T 1M-valued projection
π1(Φs). Let us first recall our previous construction, which corresponds to a constant Ξ .
3.1 The basic relativistic diffusion
The relativistic diffusion process (ξs, ξ˙s) was defined in [F-LJ], as the projection un-
der π1 of the G(M)-valued diffusion (Ψs) solving the following Stratonovitch stochastic
differential equation (for a given Rd-valued Brownian motion (wjs) and some fixed ̺ > 0) :
dΨs = H0(Ψs) ds+ ̺
d∑
j=1
Vj(Ψs) ◦ dwjs . (23)
The infinitesimal generator of the G(M)-valued relativistic diffusion (Ψs) is
H := H0 + ̺22
d∑
j=1
V 2j , (24)
and the infinitesimal generator of the relativistic diffusion (ξs, ξ˙s) := π1(Ψs) is the relativis-
tic operator :
H1 := L0 + ̺2
2
∆v = ξ˙k
∂
∂ξk
+
(
d ̺2
2
ξ˙k − ξ˙iξ˙j Γkij(ξ)
) ∂
∂ξ˙k
+ ̺
2
2
(ξ˙kξ˙ℓ − gkℓ(ξ)) ∂
2
∂ξ˙k∂ξ˙ℓ
, (25)
where L0 denotes the vector field on T 1M generating the geodesic flow, and ∆v denotes
the vertical Laplacian, i.e. the Laplacian on T 1ξM equipped with the hyperbolic metric
induced by g(ξ). The relativistic diffusion (ξs, ξ˙s) is parametrized by proper time s ≥ 0 ,
possibly till some positive explosion time.
In local coordinates (ξi, ekj ), setting Ψs = (ξ
i
s, e
k
j (s)), Equation (23) becomes locally equiv-
alent to the following system of Itô equations :
dξks = ξ˙
k
s ds = e
k
0(s) ds ; dξ˙
k
s = −Γkiℓ(ξs) ξ˙is ξ˙ℓs ds+ ̺
d∑
i=1
eki (s) dw
i
s +
d ̺2
2
ξ˙ks ds , and
9
dekj (s) = −Γkiℓ(ξs) eℓj(s) ξ˙is ds+ ̺ ξ˙ks dwjs + ̺
2
2
ekj (s) ds , for 1 ≤ j ≤ d , 0 ≤ k ≤ d .
Remark 3.1.1 We have on T 1M :
d∑
j=1
V 2j E = 2(d+ 1) E − 2Tr(T ) = 2(d+ 1) E + (d− 1)R . (26)
Indeed, since for each 1 ≤ j ≤ d Vj exchanges the basis vectors e0 = ξ˙ and ej (recall
(14)) we get : V 2j E = 2 Vj(T˜ℓm ξ˙ℓ emj ) = 2 T˜ℓm (ξ˙ℓ ξ˙m + eℓj emj ), whence
d∑
j=1
V 2j E = 2d E + 2 T˜ℓm (ξ˙ℓ ξ˙m − gℓm) = 2(d+ 1) E − 2Tr(T˜ ) ,
and Formulas (26) follow at once by (11).
As an application, a direct computation yields the following evolution of the energy.
Remark 3.1.2 The random energy process Es = E(ξs, ξ˙s) associated to the basic relativis-
tic diffusion π1(Ψs) = (ξs, ξ˙s) satisfies the following equation (where ∇v := vj∇j) :
dEs = ∇ξ˙sEs ds+ ̺2
[
(d+ 1)Es + d−12 R(ξs)
]
ds+ dMEs ,
with the quadratic variation of its martingale part dMEs given by :
[dEs, dEs] = [dMEs , dMEs ] = 4̺2 [E2s − 〈T˜ ξ˙s, T˜ ξ˙s〉] ds .(
We have here in particular ∇ξ˙sEs =
[
∂ξk T˜ij(ξs) − 2 T˜iℓ(ξs) Γℓjk(ξs)
]
ξ˙is ξ˙
j
s ξ˙
k
s .
)
Note that the energy Es is not, in general, a Markov process.
3.2 Construction of the Ξ-diffusion
Let us start with the following Stratonovitch stochastic differential equation on G(M)
(for a given Rd-valued Brownian motion (wjs)) :
dΦs = H0(Φs) ds+
1
4
d∑
j=1
Vj Ξ (Φs)Vj(Φs) ds+
d∑
j=1
√
Ξ(Φs)Vj(Φs) ◦ dwjs . (27)
Note that all coefficients in this equation are clearly smooth, except
√
Ξ on its vanishing
set Ξ−1(0). However,
√
Ξ is a locally Lipschitz function ; see ([I-W], Proposition IV.6.2).
Hence, Equation (27) does define a unique G(M)-valued diffusion (Φs).
We have the following proposition, defining the Ξ-relativistic diffusion (or Ξ-diffusion)
(Φs) on G(M), and (ξs, ξ˙s) on T 1M, possibly till some positive explosion time.
Proposition 3.2.1 The Stratonovitch stochastic differential equation (27) has a unique
solution (Φs) = (ξs ; ξ˙s , e1(s), . . . , ed(s)), possibly defined till some positive explosion time.
This is a G(M)-valued covariant diffusion process, with generator
HΞ := H0 + 12
d∑
j=1
Vj Ξ Vj . (28)
Its projection π1(Φs) = (ξs, ξ˙s) defines a covariant diffusion on T 1M, with SO(d)-invariant
generator
H1Ξ := L0 + 12 ∇v Ξ∇v , (29)
∇v denoting the gradient on T 1ξM equipped with the hyperbolic metric induced by g(ξ).
Moreover, the adjoint of HΞ with respect to the Liouville measure of G(M) is
H∗Ξ := −H0 + 12
d∑
j=1
Vj Ξ Vj . In particular, if there is no explosion, then the Liouville
measure is invariant. Furthermore, if Ξ does not depend on ξ˙ , i.e. is a function on M,
then the Liouville measure is preserved by the stochastic flow defined by Equation (27).
We specify at once how this looks in a local chart, before giving a proof for both statements.
Corollary 3.2.2 The T 1M-valued Ξ-diffusion (ξs, ξ˙s) satisfies dξs = ξ˙s ds , and in any
local chart, the following Itô stochastic differential equations : for 0 ≤ k ≤ d , (denoting
Ξs = Ξ(ξs, ξ˙s))
dξ˙ks = dM
k
s − Γkij(ξs) ξ˙is ξ˙js ds+ d2 Ξs ξ˙ks ds+ 12 [ξ˙ks ξ˙ℓs − gkℓ(ξs)]
∂Ξ
∂ξ˙ℓ
(ξs, ξ˙s) ds , (30)
with the quadratic covariation matrix of the martingale term (dMs) given by :
[dξ˙ks , dξ˙
ℓ
s] = [ξ˙
k
s ξ˙
ℓ
s − gkℓ(ξs)] Ξs ds , for 0 ≤ k, ℓ ≤ d .
Proof In local coordinates (ξi, ekj ), Φ = (ξ ; e0 , e1, . . . , ed), using Section 2.3, Equation
(27) reads : for any 0 ≤ k ≤ d , dξks = ξ˙ks ds = ek0(s) ds ,
dξ˙ks = −Γkiℓ(ξs) ξ˙is ξ˙ℓs ds+ 14
d∑
j=1
Vj Ξ (ξs, ξ˙s) e
k
j (s) ds+
d∑
j=1
√
Ξ(ξs, ξ˙s) e
k
j (s) ◦ dwjs ;
and for 1 ≤ j ≤ d , 0 ≤ k ≤ d ,
dekj (s) = −Γkiℓ(ξs) eℓj(s) ξ˙is ds+ 14 Vj Ξ (ξs, ξ˙s) ξ˙ks ds+
√
Ξ(ξs, ξ˙s) ξ˙
k
s ◦ dwjs .
We compute now the Itô corrections, which involve the partial derivatives of
√
Ξ(ξ, ξ˙) with
respect to ξ˙ . We get successively, for 1 ≤ j ≤ d , 0 ≤ k ≤ d :
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√
Ξ(ξs, ξ˙s)
[
d
(√
Ξ(ξs, ξ˙s) e
k
j (s)
)
, dwjs
]
= Ξ(ξs, ξ˙s)
[
dekj (s), dw
j
s
]
+ 1
2
ekj (s)
[
dΞ(ξs, ξ˙s), dw
j
s
]
= Ξ (ξs, ξ˙s)
3/2 ξ˙ks ds+
1
2
ekj (s)
∂ Ξ
∂ξ˙ℓ
(ξs, ξ˙s)
√
Ξ(ξs, ξ˙s) e
ℓ
j(s) ds ,
hence, [
d
(√
Ξ(ξs, ξ˙s) e
k
j (s)
)
, dwjs
]
= Ξ (ξs, ξ˙s) ξ˙
k
s ds+
1
2
Vj Ξ (ξs, ξ˙s) e
k
j (s) ds ;
√
Ξ(ξs, ξ˙s)
[
d
(√
Ξ(ξs, ξ˙s) ξ˙
k
s
)
, dwjs
]
= Ξ(ξs, ξ˙s)
[
dξ˙ks , dw
j
s
]
+ 1
2
ξ˙ks
[
dΞ(ξs, ξ˙s), dw
j
s
]
= Ξ (ξs, ξ˙s)
3/2 ekj (s) ds+
1
2
ξ˙ks
∂ Ξ
∂ξ˙ℓ
(ξs, ξ˙s)
√
Ξ(ξs, ξ˙s) e
ℓ
j(s) ds ,
hence, [
d
(√
Ξ(ξs, ξ˙s) ξ˙
k
s
)
, dwjs
]
= Ξ (ξs, ξ˙s) e
k
j (s) ds+
1
2
Vj Ξ (ξs, ξ˙s) ξ˙
k
s ds .
Note that the simplification by
√
Ξ(ξs, ξ˙s) is allowed, since on Ξ−1(0) both sides of the
simplified formula vanish identically.
Hence, in local coordinates and in Itô form, Equation (27) reads : for any 0 ≤ k ≤ d ,
dξks = ξ˙
k
s ds = e
k
0(s) ds , and setting dM
k
s :=
d∑
j=1
√
Ξ(ξs, ξ˙s) e
k
j (s) dw
j
s ,
dξ˙ks = dM
k
s − Γkiℓ(ξs) ξ˙is ξ˙ℓs ds+ d2 Ξ (ξs, ξ˙s) ξ˙ks ds+ 12 [ξ˙ks ξ˙ℓs − gkℓ(ξs)]
∂Ξ
∂ξ˙ℓ
(ξs, ξ˙s) ds ;
dekj (s) =
√
Ξ(ξs, ξ˙s) ξ˙
k
s dw
j
s − Γkiℓ(ξs) eℓj(s) ξ˙is ds+ 12 Ξ (ξs, ξ˙s) ekj (s) ds+ 12 Vj Ξ (ξs, ξ˙s) ξ˙ks ds .
Note that we used the formula
d∑
j=1
ekj (s)e
ℓ
j(s) = ξ˙
k
s ξ˙
ℓ
s − gkℓ(ξs) , which expresses that
Φ ∈ G(M). Using again this formula, we get the quadratic covariation matrix of the
martingale term (dMs), displayed in the above proposition, which shows that (π1(Φs)) is
indeed a diffusion, and proves Corollary 3.2.2.
On the other hand, comparing the above equations with Equations (23) and (24), which
correspond to Ξ ≡ ̺2 , we get precisely the wanted form (28) for the generator of (Φs).
Then, since ∇v Ξ∇v = Ξ∆v + (∇v Ξ)∇v , comparing the above equation (30) for ξ˙ks
with Equation (25) (for which Ξ ≡ ̺2), we see that establishing Formula (29) giving the
projected generator H1Ξ reduces now to proving that (∇v Ξ)∇v ≡ [ξ˙ks ξ˙ℓs − gkℓ]
∂Ξ
∂ξ˙ℓ
∂
∂ξ˙k
.
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Now this becomes clear, noting that ∇vj = ekj
∂
∂ξ˙k
, for each 1 ≤ j ≤ d .
Finally, the assertions relative to the Liouville measure are direct consequences of the
fact that the vectors H0 and Vj are antisymmetric with respect to the Liouville measure of
G(M). (The invariance with respect to H0 , i.e. to the geodesic flow, is proved in the same
way as in the Riemannian case, and the invariance with respect to Vj is straightforward.)
⋄
Remark 3.2.3 (i) The vertical terms could be seen as an effect of the matter or the
radiation present in the space-time M. The Ξ-diffusion (Φs) reduces to the geodesic flow
in the regions of the space where Ξ vanishes, which happens in particular for empty space-
timesM in the cases Ξ = −̺2R(ξ), or Ξ = ̺2 E(ξ, ξ˙), or also Ξ = −̺2R(ξ) eκ E(ξ,ξ˙)/R(ξ)
(for positive constant κ) for example.
(ii) As well as for the basic relativistic diffusion, the law of the Ξ-relativistic diffusion
is covariant with any isometry of (M, g). The basic relativistic diffusion corresponds to
Ξ ≡ ̺2 > 0 , and the geodesic flow to Ξ ≡ 0 .
(iii) In [B] is considered a general model for relativistic diffusions, which may be
covariant or not. Up to enlarge it slightly, by allowing the “rest frame” (denoted by z in
[B]) to have space vectors of non-unit norm, this model includes the generic Ξ-diffusion(
compare the above equation (27) to (2.5),(3.3) in [B]
)
.
3.3 The R-diffusion
We assume here that the scalar curvature R = R(ξ) is everywhere non-positive on
M, which is physically relevant (see [L-L]), and consider the particular case of Section 3.2
corresponding to Ξ = −̺2R(ξ), with a constant positive parameter ̺ .
In this case, as its central term clearly vanishes, Equation (27) takes on the simple form :
dΦs = H0(Φs) ds+ ̺
d∑
j=1
√
−R(Φs)Vj(Φs) ◦ dwjs .
3.4 The E-diffusion
We assume that the Weak Energy Condition (recall Section 2.2) holds (everywhere on
T 1M), which is physically relevant (see [L-L], [H-E]), and consider the particular case of
Section 3.2 corresponding to Ξ = ̺2 E = ̺2 E(ξ, ξ˙) = ̺2 T00 .
We call energy relativistic diffusion or E-diffusion the G(M)-valued diffusion process (Φs)
we get in this way, as well as its T 1M-valued projection π1(Φs).
The following is easily derived from Lemma 2.2.2 and Formula (10). As a consequence, the
central drift term in Equation (27) is a function of the Ricci tensor alone when Ξ is.
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Lemma 3.4.1 We have VjRki = δ0iR
k
j − ηij Rk0 + δk0 Rij − δkj R0i , for 0 ≤ i, k ≤ d and
1 ≤ j ≤ d . In particular, VjR = 0 , and VjE = VjT00 = VjR00 = 2R0j .
By Lemma 3.4.1, the drift term of Equation (30) which involves the derivatives of Ξ
equals here : ̺2
d∑
j=1
R0j(ξs) e
k
j (s) ds . As we have R0j = R˜mn e
m
0 e
n
j by (16), we get the
alternative expression : ̺2
d∑
j=1
R0j(ξs) e
k
j (s) ds = ̺
2 R˜mn(ξs) ξ˙
m [ξ˙ks ξ˙
n
s − gkn(ξs)] ds .
Another expression is got by using Einstein equation (17), or equivalently, by computing
directly from (30) and (12) : [ξ˙kξ˙ℓ − gkℓ] ∂E
∂ξ˙ℓ
= 2[ξ˙kξ˙ℓ − gkℓ] T˜ℓmξ˙m = 2[E ξ˙ − T˜ ξ˙]k, where
the notation (T˜ ξ˙)k ≡ T˜ kmξ˙m has the meaning of a matrix product.
Hence, Formula (30) of Proposition 3.2.2 expressing dξ˙s reads here :
dξ˙ks = dM
k
s − Γkij(ξs) ξ˙is ξ˙js ds+ ̺
2d
2
Es ξ˙ks ds+ ̺2 R˜mn(ξs) ξ˙m [ξ˙ks ξ˙ns − gkn(ξs)] ds , (31)
or equivalently :
dξ˙s = dMs − Γ·ij(ξs) ξ˙is ξ˙js ds+ ̺2(d2 + 1) Es ξ˙s ds− ̺2 T˜ ξ˙s ds . (32)
We can then compute the equation satisfied by the random energy Es . In particular,
the drift term discussed above for dξ˙ks contributes now for :
2̺2 T˜km ξ˙
m[E ξ˙ − T˜ ξ˙]k = 2̺2(E T˜km ξ˙mξ˙k − T˜km ξ˙m[T˜ ξ˙]k) = 2̺2(E2 − [T˜ ξ˙]k [T˜ ξ˙]k).
This leads to the following, to be compared with Corollary 3.1.2.
Remark 3.4.2 The random energy Es := E(ξs, ξ˙s) associated to the E-diffusion (Φs)
satisfies the following equation (where ∇v := vj∇j) :
dEs = ∇ξ˙sE(ξs, ξ˙s) ds+ (d+ 2) ̺2 E2s ds− 2̺2 g(T˜ ξ˙s, T˜ ξ˙s) ds+ 2̺ dMEs ,
with the quadratic variation of its martingale part dMEs given by :
[dEs, dEs] = 4̺2 [dMEs , dMEs ] = 4̺2 [E2s − g(T˜ ξ˙s, T˜ ξ˙s)] Es ds .
Note that the diffusion coefficient [E2s − g(T˜ ξ˙s, T˜ ξ˙s)] appearing in the quadratic variation
[dEs, dEs] is necessarily non-negative, which can of course be checked directly.
Remark 3.4.3 Case of Einstein Lorentz manifolds.
The Lorentz manifold M is said to be Einstein if its Ricci tensor is proportional to
its metric tensor. Bianchi’s contracted identities (see [H-E] or [K-N]), which entail the
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conservation equations ∇kT˜ jk = 0 , force the proportionality coefficient p˜ to be constant
on M. Hence :
R˜ℓm(ξ) = p˜ gℓm(ξ) , for any ξ in M and 0 ≤ ℓ,m ≤ d .
Then the scalar curvature is R(ξ) = (d+ 1)p˜ , and by Einstein Equations (17) we have :
T˜ℓm(ξ) = (Λ− d−12 p˜) gℓm(ξ) =: −p gℓm(ξ) .
Hence Equation (19) holds, with q = 0 : we are in a limiting case of perfect fluid.
Moreover, R and E are constant, so that on an Einstein Lorentz manifold, the R-diffusion
and the E-diffusion coincide with the basic relativistic diffusion (of Section 3.1).
4 Warped (or skew) products
Let us consider here a Lorentz manifold (M, g) having the warped product form :
M = I ×M , where I is an open interval of R+ and (M,h) is a Riemannian manifold, is
endowed with the Lorentzian pseudo-norm g given by :
ds2 := dt2 − α(t)2 |dx|2h , (33)
or equivalently
g0k := δ0k and gij := −α(t)2 hij(x) , for 0 ≤ k ≤ d , 1 ≤ i, j ≤ d . (34)
Here ξ ≡ (t, x) ∈ I ×M denotes the generic point of M, and the expansion factor α is a
positive C2 function on I . The so-called Hubble function is :
H(t) := α′(t)/α(t) . (35)
This structure is considered in [B-E], which contains most of the following proposition.
Proposition 4.1 Consider a Lorentz manifold (M, g) having the warped product form.
(i) Its curvature operator R is given by : for u, v, w, a ∈ C2(I) and X, Y, Z,A ∈ Γ(TM),〈
R ((u∂t +X) ∧ (v∂t + Y )) , (a∂t + A) ∧ (w∂t + Z)
〉
g
= −α2 〈K (X ∧ Y ) , A ∧ Z〉
+ αα′′ h(u Y − v X, aZ − wA) + (αα′)2 [h(X,Z) h(Y,A)− h(X,A) h(Y, Z)] , (36)
K denoting the curvature operator of (M,h).
(ii) Denoting by Ric the Ricci operator of (M,h) and by 〈·,·〉 the standard canonical inner
product of Rd, we have :〈
Ricci(v∂t + Y ),w∂t + Z
〉
η
= 〈Ric(Y ), Z〉+ [(d− 1) |α′|2 + αα′′] h(Y, Z)− d α
′′
α
vw. (37)
(iii) If ∇g and ∇h denote the Levi-Civita connections of (M, g) and (M,h) respectively :
∇g(u∂t+X)(v∂t + Y ) = [uv′ + α(t)α′(t) h(X, Y )] ∂t +∇hXY +H(t) (u Y + v X) . (38)
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Remark 4.2 In any warped local chart (t, xj) : for 1 ≤ m,n, p, q ≤ d (Kmnpq denoting
the curvature tensor of (M,h), and Kmp its Ricci tensor) and 0 ≤ k ≤ d , we have
Γ·00(g) = 0 ; Γ
p
0n(g) = H δ
p
n ; Γ
0
mn(g) = αα
′ hmn ; Γ
p
mn(g) = Γ
p
mn(h) , (39)
R˜0nkq = δ0k α(t)α′′(t) hnq ; R˜mnpq = (αα′)2(t) [hmq hnp − hmp hnq]− α2(t)K˜mnpq , (40)
R˜0k = − δ0k d× α′′(t)/α(t) ; R˜mp = K˜mp + [(d− 1) |α′|2 + αα′′] hmp . (41)
Let us outline the proof for the convenience of the reader.
Proof We get (38), and then (39), by using Koszul formula :
2 h(∇hXY, Z) = Xh(Y, Z)+Y h(X,Z)−Zh(X, Y )+h([X, Y ], Z)−h([X,Z], Y )+h([Z, Y ], X),
for both ∇h and ∇g. Hence,
∇g(u∂t+X)∇
g
(v∂t+Y )
(w∂t + Z) = ∇g(u∂t+X)
(
[vw′ + αα′ h(Y, Z)]∂t +∇hYZ +H [vZ + wY ]
)
Therefore [
∇g(u∂t+X),∇
g
(v∂t+Y )
]
(w∂t + Z)
And since
∇g[(u∂t+X),(v∂t+Y )](w∂t + Z) = ∇
g
([uv′−u′v] ∂t+[X,Y ])
(w∂t + Z)
=
(
[uv′ − u′v]w′ + αα′ h([X, Y ], Z)
)
∂t +∇h[X,Y ]Z +H ([uv′ − u′v]Z + w [X, Y ]) ,
we get ([
∇g(u∂t+X),∇
g
(v∂t+Y )
]
−∇g[(u∂t+X),(v∂t+Y )]
)
(w∂t + Z)
= αα′′h(uY −vX, Z)∂t+([∇hX ,∇hY ]−∇h[X,Y ])Z+
α′′
α
w(uY −vX)+α′2[h(Y, Z)X−h(X,Z)Y ].
By Formula (9), this entails Formula (36), which is equivalent to (40), by (15).
Then, denoting by (e1, . . . , ed) an orthonormal basis of (M,h) :
which yields (37) ; which is in turn equivalent to (41), by (16). ⋄
Corollary 4.3 A Lorentz manifold (M, g) having the warped product form is of perfect
fluid type (recall Section 2.4) if and only if the Ricci operator of its Riemannian factor M
is conformal to the identical map : Ric = Ω× Id , for some Ω ∈ C0(M).
If this holds, we must have : U = ∂t , p˜+ q = −d (α′′/α), and q = Ωα−2 − (d− 1)H ′.
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Proof By (21) and (37), this happens if and only if for any v ∈ C0(I), Y ∈ Γ(TM) :
〈Ric(Y ), Y 〉+[(d−1)α′ 2+αα′′]h(Y, Y )−d(α′′/α)v2 = q g(U, v∂t+Y )2+ p˜ [v2−α2h(Y, Y )] ,
which (seen as a polynomial in v) forces U = ∂t , and then splits into p˜ + q = −d (α′′/α)
and 〈Ric(Y ), Y 〉 = −[(d − 1)α′ 2 + αα′′ + p˜ α2] h(Y, Y ). This latter equation is equivalent
to p˜ = −[(d − 1)H2 + (α′′/α) + Ωα−2] , and then, using p˜ + q = −d (α′′/α), to q =
Ωα−2 − (d− 1)H ′. ⋄
Corollary 4.4 Consider a Lorentz manifold (M, g) having the warped product form. The
energy (12) at ξ˙ ≡ (t˙, x˙) ∈ T 1ξM≡ T 1(t,x)(I ×M) equals :
E(ξ, ξ˙) = 〈Ric(x˙), x˙〉 − (d− 1)H ′(t) (t˙2 − 1) + 1
2
d (d− 1)H2(t) + R
M
2α2(t)
. (42)
Then the weak energy condition is equivalent to the following lower bounds for the Ricci
operator and the scalar curvature RM of the Riemannian factor (M,h) :
inf
w∈TM
〈Ric(w), w〉
h(w,w)
≥ (d− 1) sup
I
{αα′′ − α′ 2} ; RM ≥ − d (d− 1) inf
I
α′ 2 . (43)
And the scalar curvature R of (M, g) equals :
R = −α−2RM − d
[
(d− 1) |α′
α
|2 + 2 α′′
α
]
, (44)
so that its non-positivity is equivalent to the lower bound on the scalar curvature RM :
RM ≥ − d× inf
I
{(d− 1)α′ 2 + 2αα′′} . (45)
Proof From (37), we compute the scalar curvature of M :
R = 〈Ricci(∂t), ∂t〉η − α−2
d∑
j=1
〈Ricci(ej), ej〉η = −α−2RM − d
[
(d− 1) |α′
α
|2 + 2 α′′
α
]
.
On the other hand, by (37) we have at ξ˙ ≡ (t˙, x˙) ∈ T 1ξM≡ T 1(t,x)(I ×M) :
〈Ricci(ξ˙), ξ˙〉η = 〈Ric(x˙), x˙〉+ [(d− 1) |α′|2 + αα′′] t˙2−1α2 − d α
′′
α
t˙2
= 〈Ric(x˙), x˙〉 − (d− 1)H ′(t) (t˙2 − 1)− d α′′
α
(t) .
Thence Formula (42). Then, the weak energy condition holds if and only if for any t ∈ I
and w ∈ TM :
〈Ric(w), w〉 ≥ (d− 1)α2(t)H ′(t) h(w,w)− 1
2
d (d− 1)H2(t)− R
M
2α2(t)
.
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By homogeneity with respect to w , this can be split into the following lower bound for
the Ricci operator of the Riemannian factor M :
inf
w∈TM
〈Ric(w), w〉
h(w,w)
≥ (d− 1) sup
I
{αα′′ − α′ 2} ,
together with the condition particularised to w = 0 , which yields the following lower
bound for the scalar curvature of the Riemannian factor M :
d(d− 1)H2(t) + α(t)−2RM ≥ 0 , or RM ≥ − d (d− 1) inf
I
α′ 2 . ⋄
5 Example of Robertson-Walker (R-W) manifolds
These important manifolds are particular cases of warped product : they can be written
M = I×M , where I is an open interval of R+ and M ∈ {S3,R3,H3}, with spherical co-
ordinates ξ ≡ (t, r, ϕ, ψ) (which are global in the case of R3,H3, and are defined separately
on two hemispheres in the case of S3), and are endowed with the pseudo-norm :
g(ξ˙, ξ˙) := t˙2 − α(t)2
(
r˙2
1− kr2 + r
2ϕ˙2 + r2 sin2ϕ ψ˙2
)
, (46)
where the constant scalar spatial curvature k belongs to {−1, 0, 1} (note that r ∈ [0, 1]
for k = 1 and r ∈ R+ for k = 0,−1), and the expansion factor α is as in the previous
section 4. Note that we have necessarily t˙ ≥ 1 everywhere on T 1M .
By (36), we have the curvature operator given by :〈
R ((u∂t +X) ∧ (v∂t + Y )) , (a∂t + A) ∧ (w∂t + Z)
〉
η
= αα′′ h(uY − vX, aZ − wA)− α2(α′ 2 + k) [h(X,A)h(Y, Z)− h(X,Z)h(Y,A)] .
By (37), the Ricci tensor ((R˜ℓm)) is diagonal, with diagonal entries :(
− 3 α
′′(t)
α(t)
,
A(t)
1− kr2 ,A(t) r
2, A(t) r2 sin2ϕ
)
, where A(t) := α(t)α′′(t) + 2α′(t)2 + 2k ,
and the scalar curvature is R = −6 [α(t)α′′(t) + α′(t)2 + k]α(t)−2.
The Einstein energy-momentum tensor R˜ℓm − 12 Rgℓm = T˜ℓm is diagonal as well, with
diagonal entries :(
3
α′(t)2 + k
α(t)2
,
−A˜(t)
1− kr2 , − A˜(t) r
2, −A˜(t) r2 sin2ϕ
)
, with A˜(t) := 2α(t)α′′(t) + α′(t)2 + k .
Hence, we have
T˜ℓm − α(t)−2A˜(t) gℓm = 2 [k α(t)−2 −H ′(t)] 1{ℓ=m=0} .
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Thus, in accordance with Corollary 4.3, we have here an example of perfect fluid : Equation
(19) holds, with
Uj ≡ δ0j , −p(ξ) = k α(t)−2 + 2H ′(t) + 3H2(t) , q(ξ) = 2 [k α(t)−2 −H ′(t)] , (47)
p˜(ξ) = −2 [2k α(t)−2 +H ′(t) + 3H2(t)]/(d− 1) .
Note that
As = Ui(ξs)ξ˙is = t˙s and Es = 2 [k α(ts)−2 −H ′(ts)] t˙2s − p(ξs) . (48)
By Corollary 4.4 (or by Remark 2.4.1(ii) as well), the weak energy condition is equivalent
to : α′ 2 + k ≥ (αα′′)+.
We shall consider only eternal Robertson-Walker space-times, which have their future-
directed half-geodesics complete. This amounts to I = R∗+ , together with∫ ∞ α√
1 + α2
=∞ . In the case of the basic relativistic diffusion (solving Equation (23)
in such Robertson-Walker model), we have in particular :
dt˙s = ̺
√
t˙2s − 1 dws + 3̺
2
2
t˙s ds−H(ts)[t˙2s − 1] ds . (49)
5.1 Ξ-relativistic diffusions in an Einstein-de Sitter-like manifold
We consider henceforth the particular case I = ]0,∞[ , k = 0 , and α(t) = tc ,
with exponent c > 0 . Note that such expansion functions α can be obtained by solving
a proportionality relation between p and q (see [H-E] or [L-L]).
Thus q = 2c t−2 , p = (2− 3c)c t−2, R = −6 c (2c− 1) t−2 , E = c t−2 (2 t˙2 + 3c− 2) .
Note that the weak energy condition holds. The scalar curvature is non-positive if and
only if c ≥ 1/2 , and the pressure p is non-negative if and only if c ≤ 2/3 .
Note that the particular case c = 2
3
corresponds to a vanishing pressure p , and is
precisely known as that of Einstein-de Sitter universe (see for example [H-E]). And the
analysis of [L-L] shows up precisely both limiting cases c = 2
3
and c = 1
2
.
5.1.1 Basic relativistic diffusion in an Einstein-de Sitter-like manifold
In order to compare with the other relativistic diffusions, we mention first for the basic
relativistic diffusion (of Section 3.1), the stochastic differential equations satisfied by the
main coordinates t˙s and r˙s , appearing in the 4-dimensional sub-diffusion (ts, t˙s, rs, r˙s). By
(49), we have, for independent standard real Brownian motions w, w˜ :
dt˙s = ̺
√
t˙2s − 1 dws + 3̺
2
2
t˙s ds− c
ts
(t˙2s − 1) ds ; (50)
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dr˙s =
̺ t˙s r˙s√
t˙2s − 1
dws+ ̺
√
1
t2cs
− r˙
2
s
t˙2s − 1
dw˜s+
3̺2
2
r˙s ds+
[
t˙2s − 1
t2cs
− r˙2s
]
ds
rs
− 2c
ts
t˙s r˙s ds . (51)
Almost surely (see [A]), lim
s→∞
t˙s =∞ , and xs/rs ∼ x˙s/|x˙s| converges in S2.
5.1.2 R-diffusion in an Einstein-de Sitter-like manifold
With the above, Section 3.3 reads here, for the R-relativistic diffusion, when c ≥ 1/2 :
dξ˙s = ̺ dMs + 9c (2c− 1)̺2 t−2s ξ˙s ds− Γ·ij(ξs) ξ˙is ξ˙js ds , (52)
with the quadratic covariation matrix of the martingale part dMs given by :
̺−2 [dξ˙ks , dξ˙
ℓ
s] = 6c (2c− 1) [ξ˙ks ξ˙ℓs − gkℓ(ξs)] t−2s ds , for 0 ≤ k, ℓ ≤ d .
In particular, we have for independent standard real Brownian motions w, w˜ :
dt˙s =
̺
ts
√
6c (2c− 1)(t˙2s − 1) dws +
9̺2c (2c− 1)
t2s
t˙s ds− c
ts
(t˙2s − 1) ds ; (53)
dr˙s =
̺
√
6c (2c− 1)
ts
[
t˙s r˙s√
t˙2s − 1
dws +
√
1
t2cs
− r˙
2
s
t˙2s − 1
dw˜s
]
(54)
+
9̺2c (2c− 1)
t2s
r˙s ds+
[
t˙2s − 1
t2cs
− r˙2s
]
ds
rs
− 2c
ts
t˙s r˙s ds .
As the scalar curvature Rs = 6c (1−2c)/t2s vanishes asymptotically, we expect that almost
surely the R-diffusion behaves eventually as a timelike geodesic, and in particular that
lim
s→∞
t˙s = 1 .
5.1.3 E-diffusion in an Einstein-de Sitter-like manifold
Similarly, using (32), (47), (48), we have here E ξ˙− T˜ ξ˙ = 2(0−H ′)(t˙2ξ˙− t˙ U) , so that
Section 3.4 reads here, for the E-diffusion :
dξ˙s = ̺ dMs+
3̺2c
2
t−2s (2 t˙
2
s +3c− 2) ξ˙s ds+2̺2c t−2s (t˙s ξ˙s−Us) t˙s ds−Γ·ij(ξs) ξ˙is ξ˙js ds , (55)
with the quadratic covariation matrix of the martingale part dMs given by :
̺−2 [dξ˙ks , dξ˙
ℓ
s] = c [ξ˙
k
s ξ˙
ℓ
s − gkℓ(ξs)] (2 t˙2s + 3c− 2) t−2s ds , for 0 ≤ k, ℓ ≤ d .
In particular, we have for some standard real Brownian motion w :
dt˙s =
̺
√
c
ts
√
(2 t˙2s − 2 + 3c)(t˙2s − 1) dws + c
[
5̺2(t˙2s − 1 + 9c10)
t˙s
t2s
− t˙
2
s − 1
ts
]
ds ; (56)
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dr˙s =
̺
√
c
ts
√
2 t˙2s − 2 + 3c
[
t˙s r˙s√
t˙2s − 1
dws +
√
1
t2cs
− r˙
2
s
t˙2s − 1
dw˜s
]
(57)
+ ̺2c (5 t˙2s − 3 + 9c2 )
r˙s
t2s
ds− 2c
ts
t˙s r˙s ds+
[
t˙2s − 1
t2cs
− r˙2s
]
ds
rs
.
Remark 5.1.4 Comparison of Ξ-diffusions in an E.-d.S.-like manifold
Along the preceding sections 5.1.1, 5.1.2, 5.1.3, we specified to an Einstein-de Sitter-like
manifold the various Ξ-diffusions we considered successively in Sections 3.1, 3.3, 3.4. Re-
stricting to the only equation relating to the hyperbolic angle As = t˙s , or in other words,
to the simplest sub-diffusion (ts, t˙s), this yields Equations (50), (53), (56) respectively. We
observe that even in this simple case, all these covariant relativistic diffusions differ notably,
having pairwise distinct minimal sub-diffusions (with 3 non-proportional diffusion factors).
5.2 Asymptotic behavior of the R-diffusion in an
Einstein-de Sitter-like manifold
We present here the asymptotic study of the R-diffusion of an Einstein-de Sitter-like
manifold (recall Sections 5.1, 5.1.2). We will focus our attention on the simplest sub-
diffusion (ts, t˙s), and on the space component xs ∈ R3 . Recall from (48) that t˙s = As
equals the hyperbolic angle, measuring the gap between the ambient fluid and the velocity
of the diffusing particle. Recall also that, by the unit pseudo-norm relation, t˙s controls
the behavior of the whole velocity ξ˙s . We get as a consequence the asymptotic behavior
of the energy Es . As quoted in Section 5.1.2, we must have here c ≥ 12 .
Note that for c = 1
2
, the scalar curvature vanishes, and the R-diffusion reduces to the
geodesic flow, whose equations are easily solved and whose time coordinate satisfies (for
constants a and s0) :
s− s0 =
√
ts (ts + a2)− a2 log[
√
ts +
√
ts + a2 ] , whence ts ∼ s .
The proofs of this section (and of the following one) will use several times the elementary
fact that almost surely a continuous local martingale cannot go to infinity.
The following confirms a conjecture stated at the end of Section 5.1.2.
Proposition 5.2.1 The process t˙s goes almost surely to 1, and Es → 0 , as s→∞ .
Proof By Equation (53),
log
t˙s
t˙1
− 3̺2c(2c− 1)
∫ s
1
(2 + t˙−2τ )
dτ
t2τ
+ c
∫ s
1
(1− t˙−2τ )
t˙τ
tτ
dτ
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is a continuous martingale with quadratic variation 6̺2c (2c− 1)
∫ s
1
(1− t˙−2τ )
dτ
t2τ
. Hence,
since t˙τ ≥ 1 and therefore tτ ≥ τ , the non-negative process
log t˙s + c
∫ s
1
(1− t˙−2τ )
t˙τ
tτ
dτ
converges almost surely as s → ∞ . This forces the almost sure convergence of the
integral :
∫ ∞
1
(1− t˙−2τ )
t˙τ
tτ
dτ <∞ , and of t˙s , towards some t˙∞ ∈ [1,∞[ . This implies in
turn tτ = O(τ), hence
∫ ∞
1
(1− t˙−2τ )
dτ
τ
<∞ , whence finally t˙∞ = 1 . ⋄
Consider now the functional a := tc
√
t˙2 − 1 , which is constant along any geodesic.
Lemma 5.2.2 For c > 1
2
, the process as := tcs
√
t˙2s − 1 goes almost surely to infinity, and
cannot vanish. Moreover, for any ε > 0 we have almost surely :
∫ ∞
1
t2c−2s
ds
a2+εs
<∞ .
Proof We get from Equation (53) :
das =
̺
ts
√
6c (2c− 1)(a2s + t2cs ) dws + 3̺2c (2c− 1)
3 a2s + 2 t
2c
s
t2s as
ds ,
and then for any ε ∈ ]0, 1] and for some continuous local martingale M :
0 ≤ a−εs = a−ε1 −Ms − 3ε̺2c (2c− 1)
∫ s
1
[2− ε] a2τ + [1− ε] t2cτ
t2τ a
2+ε
τ
dτ .
The signs in this last formula, and the fact that almost surely a continuous local martingale
cannot go to infinity, imply the convergence of the last integral and of the martingale term
Ms , entailing the almost sure existence of a finite limit a−1∞ , hence of a∞ ∈ ]0,∞], and the
almost sure convergence of the integral
∫ ∞
1
dτ
a2+ετ t
2−2c
τ
<∞ . Now, by Proposition 5.2.1,
this implies
∫ ∞
1
dτ
a2+ετ τ
≤
∫ ∞
1
dτ
a2+ετ τ
2−2c
<∞ , hence a∞ =∞ . Finally, the equation for
a−εs forbids also the existence of a finite zero s0 for as . Indeed, s ր s0 would force the
martingale term of this equation to go to −∞, which is impossible. ⋄
The following reveals the asymptotic behavior of the space component (xs) for c > 12 .
Proposition 5.2.3 For c > 1
2
, the space component converges almost surely (as s→∞) :
xs → x∞ ∈ R3.
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Proof (i) Let us consider the non-negative process us := ts(t˙2s − 1), which is constant
for c = 1
2
, and cannot vanish for c > 1
2
, by Lemma 5.2.2. By Equation (53),
us + (2c− 1)
∫ s
1
uτ t˙τ
tτ
dτ − 6̺2c (2c− 1)
∫ s
1
[4 t˙2τ − 1]
dτ
tτ
is a continuous local martingale. Then, for any ε > 0 ,
us
tεs
− 6̺2c [2c− 1]
∫ s
1
[4t˙2τ − 1] dτ
t1+ετ
+ [2c− 1 + ε]
∫ s
1
uτ dtτ
t1+ετ
is a continuous local martingale. By Proposition 5.2.1, the central term converges almost
surely. This implies that
∫ ∞
1
uτ dtτ
t1+ετ
<∞ and that us
tεs
converges, almost surely.
(ii) By the unit pseudo-norm relation, we have t2cs |x˙s|2 = t˙2s−1 = us/ts . Let us apply
(i) above with ε := c− 1
2
, to get :[∫ ∞
1
|x˙s| ds
]2
≤
∫ ∞
1
tε−2cs ds×
∫ ∞
1
t2c−εs |x˙s|2 ds ≤ 22c−1
∫ ∞
1
us
t1+εs
ds <∞ .
This proves that xs = x1 +
∫ s
1
x˙τ dτ → x1 +
∫ ∞
1
x˙s ds ∈ R3, almost surely as s→∞ . ⋄
In the case c = 1
2
of the R-diffusion being the geodesic flow, we have
rs =
√
b2/a2 + (a+ o(1)) log s ∼
√
a log s as s→∞ ,
which shows that Proposition 5.2.3 does not hold for the limiting case c = 1
2
.
To compare the R-diffusion with geodesics, note that (as is easily seen ; see for ex-
ample [A]) along any timelike geodesic, we have xs = x1 +
x˙1
|x˙1|
∫ s
1
a dτ
t2cτ
(
and x˙s
|x˙s|
=
x˙1
|x˙1|
)
, which converges precisely for c > 1
2
; and along any lightlike geodesic, we have
xs = x1 +
x˙1
|x˙1|
∫ ts
t1
dτ
τ c
∼ V × s 1−c1+c (and x˙s
|x˙s|
= x˙1
|x˙1|
)
, which converges only for c > 1 .
On the other hand, for c ≤ 1 , the behavior of the basic relativistic diffusion proves to
satisfy (see [A]) : rs ∼
s→∞
∫ s
1
aτ dτ
t2cτ
−→∞ (exponentially fast, at least for c < 1).
Hence, the R-diffusion behaves asymptotically more like a (timelike) geodesic than like
the basic relativistic diffusion. However, owing to Lemma 5.2.2, the asymptotic behavior
of the R-diffusion seems to be somehow intermediate between those of the geodesic flow
and of the basic relativistic diffusion.
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5.3 Asymptotic energy of the E-diffusion in an E.-d.S. manifold
We consider here the case of Section 5.1.3, dealing with the energy diffusion in an
Einstein-de Sitter-like manifold, and more precisely, with its absolute-time minimal sub-
diffusion (ts, t˙s) satisfying Equation (56), and with the resulting random energy :
Es = c t−2s (2 t˙2s + 3c− 2) = 2c (t˙s/ts)2 +O(s−2).
Let us denote by ζ the explosion time : ζ := sup{s > 0 | t˙s <∞} ∈ ]0,∞] .
Lemma 5.3.1 We have almost surely : either lim
s→ζ
t˙s = 1 and ζ =∞ , or lim
s→ζ
t˙s =∞ .
Proof By Equation (56),
1
t˙s∧ζ
− c
∫ s∧ζ
s0
[
1− 1
t˙2τ
]dτ
tτ
+ ̺2c
∫ s∧ζ
s0
[
3 + 3c+2
2 t˙2τ
+ 3c−2
t˙4τ
]dtτ
t2τ
is a continuous martingale with quadratic variation 2̺2c
∫ s∧ζ
s0
[
1+ 3c−2
2 t˙2τ
][
1− 1
t˙2τ
]dτ
t2τ
. Hence,
since t˙τ ≥ 1 and therefore tτ ≥ τ , the process
t˙−1s∧ζ − c
∫ s∧ζ
s0
(1− t˙−2τ )
dτ
tτ
converges almost surely as s → ∞ . As 0 ≤ t˙−1s∧ζ ≤ 1 , this forces the almost sure
convergence of the integral :
∫ ζ
s0
[
1− 1
t˙2τ
] dτ
tτ
<∞ , and of t˙s∧ζ , towards some t˙ζ ∈ [1,∞].
Moreover, the convergence of the integral forces either ζ < ∞ and then t˙ζ = ∞ , or
ζ =∞ and then t˙ζ ∈ {1,∞}. ⋄
The asymptotic behavior can, with positive probability, be partly opposite to that of
the preceding R-diffusion :
Proposition 5.3.2 From any starting point (ts0 , t˙s0), there is a positive probability that
both As = t˙s and the energy Es explode. This happens with arbitrary large probability,
starting with t˙s0/ts0 sufficiently large and t0 bounded away from zero.
On the other hand, there is also a positive probability that the hyperbolic angle As = t˙s does
not explode and goes to 1, and then that the random energy Es goes to 0. This happens
actually with arbitrary large probability, starting with sufficiently large ts0/t˙s0 .
Proof Let us set λs := ts/t˙s ≥ 0 . From the above proof of Lemma 5.3.1, we get directly :
λs∧ζ − λs0 = Ms∧ζ + [1 + c]
∫ s∧ζ
s0
[
1− c
[1+c]t˙2τ
]
dτ − ̺2c
∫ s∧ζ
s0
[
3 + 3c−2
2 t˙2τ
+ 3c−2
t˙4τ
]dτ
λτ
(58)
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≤ Ms∧ζ + [1 + c](s ∧ ζ − s0)− ̺2c
∫ s∧ζ
s0
[
3
λτ
− 1 + 2 t˙
−2
τ
tτ t˙τ
]
dτ , (59)
(Ms) denoting a martingale having quadratic variation 2̺
2c
∫ s
s0
[
1 + 3c−2
2 t˙2τ
][
1− 1
t˙2τ
]
dτ .
(i) Let us first start the time sub-diffusion from (ts0 , t˙s0) such that ts0 ≥ s0 ≥ 1 and
t˙s0 ≥ nm ts0 , with fixed n ≥ 2 and m ≥ 2 + 1+c3̺2c , and consider
T := ζ ∧ inf{s > s0 |mλs > 1}. Thus, we have on [s0, T ] : λ−1τ ≥ m , and then
3
λτ
− 1+2 t˙−2τ
tτ t˙τ
≥ 3m− 3 ≥ 3+ 1+c
̺2c
. Therefore, by Inequality (59), we have almost surely for
any s ≥ s0 :
0 ≤ λs∧T ≤ λs0 − 3̺2c (s ∧ T − s0) +Ms∧T .
Integrating this inequality and letting sր∞ yields :
1
m
P(ts0 , t˙s0 )
[T < ζ ] ≤ lim inf
s→∞
E[λs∧T ] ≤ λs0 ≤ 1nm , whence P(ts0 , t˙s0 )[T = ζ ] ≥ 1− 1n .
Moreover, almost surely on the event {T = ζ}, the above inequality
0 ≤ λs∧ζ ≤ λs0 − 3̺2c (s ∧ ζ − s0) +Ms∧ζ
implies clearly (using that a continuous martingale almost surely cannot go to infinity)
ζ < ∞ , and by the previous lemma that t˙ζ = ∞ . Then (58) implies the convergence of
λs∧ζ to some λζ ∈ R+ .
Furthermore, t˙ζ = ∞ and λζ > 0 for finite ζ would imply trivially tζ = ∞ , whence its
logarithmic derivative should explode, which leads to a contradiction.
This proves that we have P(ts0 , t˙s0 )
[
ζ <∞ , λζ = 0
] ≥ 1− n−1.
Since (by the support theorem of Stroock and Varadhan, see for example Theorem 8.1
in [I-W]) from any starting point the sub-diffusion (ts, t˙s) hits with a positive probability
some (ts0 , t˙s0) as above, we find there is always a positive probability that t˙s and Es
explode (together).
(ii) Let us now start the time sub-diffusion from (ts1 , t˙s1) such that nm
′ t˙s1 ≤ ts1 ,
with fixed m′ ≥ 9̺2c (1+ c) and n ≥ 2+ c , and consider T ′ := ζ ∧ inf{s > s1 | λs < m′}.
By Equation (56) we have at once : almost surely, for any s ≥ s1 ,
λ−1s∧T ′ = λ
−1
s1 + 5̺
2c
∫ s∧T ′
s1
[
1 + 9c−10
10 t˙2τ
]
λ−3τ dτ − [1 + c]
∫ s∧T ′
s1
λ−2τ dτ + c
∫ s∧T ′
s1
t−2τ dτ +M
′
s∧T ′ ,
(M ′s) denoting a martingale having quadratic variation 2̺
2c
∫ s
s1
[
1 + 3c−2
2 t˙2τ
][
1− 1
t˙2τ
]
λ−4τ dτ .
Since on [s1, T ′] we have λ−1τ ≤ 1/m′, and then 5̺2c
[
1 + 9c−10
10 t˙2τ
]
λ−1τ ≤ 5̺
2c (1+c)
m′
≤ 5/9 , we
get :
0 ≤ λ−1s∧T ′ ≤ λ−1s1 − c
∫ s∧T ′
s1
λ−2τ dτ +
c
ts1
+M ′s∧T ′ .
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This entails
∫ T ′
s1
λ−2τ dτ <∞ and λ−1s∧T ′ → λ−1T ′ ∈ R+ (which implies moreover λ−1T ′ = 0
almost surely on {T ′ =∞} ), and
1
m′
P(ts1 ,t˙s1 )
[T ′ < ζ ] ≤ E(ts1 ,t˙s1 )
[
λ−1T ′
] ≤ λ−1s1 + cts1 ≤ 1+cnm′ .
Hence, we get P(ts1 ,t˙s1 )[T
′ = ζ ] ≥ 1 − 1+c
n
> 0 . Furthermore, as in (i) above, t˙T ′ = ∞
and λT ′ > 0 for finite T ′ is impossible, which excludes T ′ = ζ <∞ . Therefore
P(ts1 ,t˙s1 )
[T ′ = ζ =∞] ≥ 1− 1+c
n
> 0 .
Then from the equation for λ , using that
[
3 + 9c
2
]
̺2c λ−1τ ≤ (6+9c)̺
2c
2m′
< 1
2
on [s1, T ′], we
get almost surely :
λs∧T ′ − λs1 ≥ (s ∧ T ′ − s1)−
[
3 + 9c
2
]
̺2c
∫ s∧T ′
s1
dτ
λτ
+Ms∧T ′ ≥ 12 (s ∧ T ′ − s1) +Ms∧T ′ ,
which shows (since [Ms,Ms] = O(s)) that almost surely {T ′ = ζ =∞} ⊂ {λs →∞}. On
this same event, by Equation (56) we have almost surely for any s ≥ s1 :
t˙s − t˙s′
1
= ̺
∫ s
s′
1
√
2c
[
1 + 3c−2
2 t˙2τ
][
1− 1
t˙2τ
] t˙τ
λτ
dwτ + c
∫ s
s′
1
[
5̺2
1 + 9c−10
10 t˙2τ
λ2τ
− 1− t˙
−2
τ
λτ
]
dtτ ,
which shows that t˙s cannot go to infinity, since this would forbid the last integral, and
then the right hand side, to go to +∞ . Hence, by Lemma 5.3.1, we obtain that almost
surely {T ′ = ζ = ∞} ⊂ {t˙s → 1}. The proof is ended as in (i) above, by applying the
support theorem of Stroock and Varadhan, and by taking n arbitrary large. ⋄
6 Sectional relativistic diffusion
We turn now our attention towards a different class of intrinsic relativistic generators
on G(M), whose expressions derive directly from the commutation relations of Section 2.2,
on canonical vector fields of TG(M). They all project on the unit tangent bundle T 1M
onto a unique relativistic generator H1curv , whose expression involves the curvature tensor.
Semi-ellipticity of H1curv requires the assumption of non-negativity of timelike sectional
curvatures. Note that in general H1curv does not induce the geodesic flow in an empty
space.
6.1 Intrinsic relativistic generators on G(M)
We shall actually consider among these generators, those which are invariant under the
action of SO(d) on G(M). To this aim, we introduce the following dual vertical vector
fields, by lifting indexes : V ij := ηim ηjn Vmn . Note that V j ≡ V 0j = −V0j = −Vj , and
that V ij = Vij for 1 ≤ i, j ≤ d . We consider again a positive parameter ̺ .
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Proposition 6.1.1 The following four SO(d)-invariant differential operators define the
same operator H1curv on T 1M :
H0 − ̺22
d∑
j=1
(
[H0, Hj]V
j + V j [H0, Hj]
)
; H0 + ̺
2
d∑
j=1
[Hj , H0]V
j ;
H0 + ̺
2
d∑
j=1
Rj0 Vj − ̺2
∑
1≤j,k≤d
R0j0k VjVk ; H0 − ̺24
∑
1≤i,j≤d
(
[Hi, Hj]V
ij + V ij [Hi, Hj]
)
;
Note that (H1curv −L0) is self-adjoint with respect to the Liouville measure of T 1M.
The proof will be broken in several lemmas. We begin with the following general and useful
computation rules, derived from Sections 2.1 and 2.2.
Lemma 6.1.2 For 0 ≤ j, k, ℓ ≤ d , we have :
V iRijkℓ = δk0 Rℓj − δℓ0Rkj + (1− d)R0jkℓ +Rℓj0k −Rkj0ℓ ;
V iR0ikℓ = δℓ0Rk0 − δk0 Rℓ0 ; [ [Hi, Hj], V i] = (d− 1)[H0, Hj] .
Proof We get the first formula by multiplying by ηip the formula of Lemma 2.2.2, and
particularising to q = 0 . As to the second one, by particularising the latter to j = 0 and
changing sign, we get :
V iR0ikℓ = δℓ0Rk0 − δk0 Rℓ0 +Rk00ℓ −Rℓ00k.
Then, we note that Rℓ00k = R0ℓk0 = Rk00ℓ. Finally, the last formula derives from the
second one and from the commutation relations (4) and (6), as follows :
[ [Hi, Hj], V
i] = 1
2
[Rijkℓ Vkℓ, V i] = 12 Rijkℓ [Vkℓ, V i]− 12 (V iRijkℓ)Vkℓ
= 1
2
Rijkℓ
(
δikVℓ − δiℓVk + ηip (η0ℓVpk − η0kVpℓ)
)
−
(
δk0 R
ℓ
j +
1−d
2
R0jkℓ +Rℓj0k
)
Vkℓ
= Rℓj Vℓ+Rpjk0 Vpk−Rℓj Vℓ+(d−12 )R0jkℓ Vkℓ−Rℓj0k Vkℓ = (d−12 )R0jkℓ Vkℓ = (d−1)[H0, Hj]. ⋄
We get then first the following.
Lemma 6.1.3 On C2(T 1M), we have [ [H0, Hj], V j] = 0 , and
Hocurv := −12
d∑
j=1
[
[H0, Hj]V
j+V j[H0, Hj]
]
=
d∑
j=1
[Hj, H0]V
j =
d∑
j=1
Rj0 Vj−
∑
1≤j,k≤d
R0
j0k VjVk .
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Proof Using the commutation relations (4) and (6), that Vkℓ = 0 on C2(T 1M) for
1 ≤ k, ℓ ≤ d , and (10), we have on one hand :
[H0, Hj ]V
j = 1
2
R0jkℓ Vkℓ V j = 12 R0jkℓ([Vkℓ, V j] + V j Vkℓ)
= 1
2
R0jkℓ ηij (ηikVℓ − ηiℓVk + η0ℓVik − η0kViℓ) +R0j0ℓ V jVℓ
= −R0jkj Vk +R0ik0 Vik +R0j0k V jVk = R0j0k V jVk − Rk0 Vk .
On the other hand, using this first part of proof and Lemma 6.1.2, we get :
[[H0, Hj], V
j ] = 1
2
[R0jkℓ Vkℓ, V j ] = 12 R0jkℓ [Vkℓ, V j ]− 12(V jR0jkℓ)Vkℓ
= −Rk0 Vk − 12(δℓ0Rk0 − δk0 Rℓ0)Vkℓ = −Rk0 Vk +Rk0 Vk = 0 .
Using [H0, Hj]V j + V j [H0, Hj] = 2 [H0, Hj ]V j − [ [H0, Hj], V j] ends the proof. ⋄
We get then the following.
Lemma 6.1.4 On C2(T 1M), we have ∑
1≤i,j≤d
[[Hi, Hj], V
ij ] = 0 , and
∑
1≤i,j≤d
(
[Hi, Hj]V
ij + V ij [Hi, Hj]
)
= − 4Hocurv .
Proof As for the proof of Lemma 6.1.3, we use the commutation relations (4) and (6),
that Vkℓ = 0 on C2(T 1M) for 1 ≤ k, ℓ ≤ d , (10), Lemmas 2.2.2 and 6.1.2, and the
symmetries of the Riemann tensor. We have thus on one hand and on C2(T 1M) :
[[Hp, Hj ], V
ij] = 1
2
[RpjkℓVkℓ, Vmn] ηimηjn = 12Rpjkℓ[Vkℓ, Vmn]ηimηjn − 12(VmnRpjkℓ)ηimηjnVkℓ
= 1
2
(RpniℓVℓn+Rkp Vki−RpnkiVkn+Rℓp Vℓi)+ 12 [(d+1)Ripkℓ+ηikRℓp+Rpkiℓ−ηiℓRkp−Rpℓik]Vkℓ
= 1
2
[
−Rpkiℓ + ηiℓRkp −Rpℓki − ηikRℓp + (d+ 1)Ripkℓ + ηikRℓp +Rpkiℓ − ηiℓRkp −Rpℓik
]
Vkℓ
= (d+1
2
)Ripkℓ Vkℓ .
In particular, we get [ [Hi, Hj], V ij] = (d+12 )Riikℓ Vkℓ = 0 .
And on the other hand, on C2(T 1M) again :
[Hi, Hj ]V
ij = 1
2
ηimηjnRijkℓ Vkℓ Vmn = ηi0ηjnRijkℓ Vkℓ Vn = R0jkℓ Vkℓ Vj
= R0jkℓ([Vkℓ, Vj] + Vj Vkℓ) = R0jkℓ(ηjkVℓ − ηjℓVk + η0ℓVjk − η0kVjℓ) +R0jkℓ Vj Vkℓ
= −2Rk0 Vk + 2R0jk0 Vjk + 2R0j0ℓ VjVℓ = 2 (R0j0k VjVk −Rk0 Vk) = −2Hocurv . ⋄
The final assertion relating to the Liouville measure is proved as in Theorem 3.2.1.
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Proposition 6.1.5 In local coordinates, the second order operator H1curv defined on T 1M
by Proposition 6.1.1 reads :
H1curv = ξ˙j
∂
∂ξj
− ξ˙iξ˙j Γkij
∂
∂ξ˙k
+ ̺
2
2
ξ˙nR˜kn
∂
∂ξ˙k
− ̺2
2
ξ˙pξ˙q R˜pkqℓ ∂
2
∂ξ˙k∂ξ˙ℓ
= ξ˙j
∂
∂ξj
− ξ˙iξ˙j Γkij
∂
∂ξ˙k
+ ̺
2
2
ξ˙m R˜mnpq
(
gnq gpk
∂
∂ξ˙k
− ξ˙p gnkgqℓ ∂
2
∂ξ˙k∂ξ˙ℓ
)
.
Proof By Section 2.3, we have on C2(T 1M) :
VjVk = e
n
j e
ℓ
k
∂2
∂en0∂e
ℓ
0
+ δjk e
n
0
∂
∂en0
+ en0e
ℓ
0
∂2
∂enj ∂e
ℓ
k
+ enj
∂
∂enk
= enj e
ℓ
k
∂2
∂en0∂e
ℓ
0
+ δjk e
n
0
∂
∂en0
,
whence by Lemma 6.1.3 :
Hocurv = −R0j0k enj eℓk
∂2
∂en0∂e
ℓ
0
−R0j0k δjk en0
∂
∂en0
+
d∑
j=1
Rj0 e
n
j
∂
∂en0
= −R0j0k enj eqk
∂2
∂en0∂e
q
0
+Rj0 e
n
j
∂
∂en0
(including now j = 0) .
On the other hand, by Formula (18) we have :
R0j0k = R0abc ηajηb0ηck = em0 ena R˜mnpℓ epb eℓc ηaj ηb0 ηck = em0 ep0 era R˜mrpℓ eℓc ηaj ηck,
whence
R0j0k enj eqk = em0 ep0 era R˜mrpℓ eℓc ηaj ηck enj eqk = em0 ep0 R˜mrpℓ grn gqℓ = em0 ep0 R˜mnpq.
And in a similar way, by (16) :
Rj0 e
n
j = e
m
0 e
q
i R˜mq η
ij enj = e
m
0 R˜
n
m = e
m
0 R˜mℓpq gℓq gpn.
This and (13),(14) yield the wanted formula, whose coefficients depend only on (ξ, ξ˙) ∈
T 1M, as it must be by the SO(d)-invariance underlined in Proposition 6.1.1. ⋄
6.2 Sign condition on timelike sectional curvatures
The generator H1curv defined on T 1M by Proposition 6.1.1 is covariant with any Lorentz
isometry of (M, g). Hence, it is a candidate to generate a covariant “sectional” relativistic
diffusion on T 1M, provided it be semi-elliptic.
As a consequence of Section 6.1, the intrinsic sectional generator we are led to consider
on T 1M is H1curv , restriction of H0 + ̺
2
2
(
Rj0 Vj − R0j0k VjVk
)
.
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Now, a necessary and sufficient condition, in order that such an operator be the gener-
ator of a well-defined diffusion, is that it be subelliptic.
We are thus led to consider the following negativity condition on the curvature :〈R(u ∧ v), u ∧ v〉
η
≤ 0 , for any timelike u and any spacelike v . (60)
This condition is equivalent to the lower bound on sectional curvatures of timelike planes
Ru+ Rv :
〈R(u ∧ v), u ∧ v〉η
g(u ∧ v, u ∧ v) ≥ 0 ,
since g(u ∧ v, u ∧ v) := g(u, u)g(v, v)− g(u, v)2 < 0 for such planes.
Note that Sectional Curvature has proved to be a natural tool in Lorentzian geometry, see
for example [H], [H-R].
We test this negativity condition on warped products, in Corollary 6.2.1 below. When
this negativity condition is fulfilled, we call the resulting covariant diffusion on T 1M, which
has generator H1curv given by Propositions 6.1.1, 6.1.5, the sectional relativistic diffusion.
Corollary 6.2.1 Consider a Lorentz manifold (M, g) having the warped product form.
Then the sign condition (60) is equivalent to : α′′ ≤ 0 on I, together with the following
lower bound on sectional curvatures of the Riemannian factor (M,h) :
inf
X,Y ∈TM
〈K (X ∧ Y ) , X ∧ Y 〉
h(X,X) h(Y, Y )− h(X, Y )2 ≥ supI {αα
′′ − α′ 2}. (61)
Proof Let us denote by SR(U∧V ) the sectional curvature of the timelike plane associated
with U ∧ V . Recall from Section 6.2 that the negativity condition (60) reads simply
SR(U ∧ V ) ≥ 0 , for any timelike U and spacelike V . By choosing a pseudo-orthonormal
basis of such given timelike plane, we can moreover restrict to g(U, U) = 1 = −g(V, V ) and
g(U, V ) = 0 . Setting U = u∂t+X and V = v∂t+Y , with u, v ∈ C0(I) and X, Y ∈ TM ,
we can thus suppose that :
u =
√
α2 h(X,X) + 1 ; v =
√
α2 h(Y, Y )− 1 ; uv = α2 h(X, Y ) ,
which implies α2 h(X ∧ Y,X ∧ Y ) + h(Y, Y )− h(X,X) = α−2, and
h(uX − vY, uX − vY ) = α2 h(X ∧ Y,X ∧ Y ) + α−2 .
Recall that h(X ∧ Y,X ∧ Y ) := h(X,X)h(Y, Y )− h(X, Y )2. Now, by (36), this entails :
SR(U∧V ) = α2 〈K (X ∧ Y ) , X ∧ Y 〉−αα′′[α2 h(X∧Y,X∧Y )+α−2]+|αα′|2 h(X∧Y,X∧Y )
= α2
[
〈K (X ∧ Y ) , X ∧ Y 〉 − (αα′′ − α′ 2) h(X ∧ Y,X ∧ Y )
]
− α′′/α .
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Reciprocally, given any X, Y ∈ TM such that
α2 h(X ∧ Y,X ∧ Y ) + h(Y, Y )− h(X,X) = α−2 and h(Y, Y ) ≥ α−2 , setting
u :=
√
α2 h(X,X) + 1 and v := ±√α2 h(Y, Y )− 1 , we get (uv)2 = α4 h(X, Y )2 , and
thence a basis (U, V ) as above.
Hence, the negativity condition (60) is equivalent to :
0 ≤ α2
(
〈K (X ∧ Y ) , X ∧ Y 〉 − (αα′′ − α′ 2) h(X ∧ Y,X ∧ Y )
)
− α′′/α ,
for any X, Y ∈ TM such that α2 h(X ∧ Y,X ∧ Y ) + h(Y, Y ) − h(X,X) = α−2 and
h(Y, Y ) ≥ α−2 .
Distinguishing between collinear and non-collinear pairs X, Y , and denoting in the
latter case by SK(X ∧Y ) the sectional curvature of the plane associated with X ∧Y , this
condition splits into both : (α′′/α) ≤ 0 , together with :
(α′′/α)
α2 h(X ∧ Y,X ∧ Y ) ≤ SK(X ∧ Y )− (αα
′′ − α′ 2) ,
for any non-collinear X, Y ∈ TM such that α2 h(X∧Y,X∧Y )+h(Y, Y )−h(X,X) = α−2
and h(Y, Y ) ≥ α−2 . We shall have proved that this condition is equivalent to the wanted
inequality (61), if we show now that for any given α > 0 , any given plane P in TM
is generated by pairs X, Y such that α2 h(X ∧ Y,X ∧ Y ) + h(Y, Y ) − h(X,X) = α−2,
h(Y, Y ) ≥ α−2, and such that h(X ∧ Y,X ∧ Y ) is arbitrary large.
Now, starting from an arbitrary {X0, Y0} generating P , take Y := Y0
α
√
h(Y0,Y0)
and
X := q
[
X0− h(X0,Y0)h(Y0,Y0) Y0
]
. Then α2 h(X ∧Y,X ∧Y )+h(Y, Y )−h(X,X) = α−2 = h(Y, Y ),
and h(X ∧ Y,X ∧ Y ) = q2 h(X0∧Y0,X0∧Y0)
α2 h(Y0,Y0)
is indeed arbitrary large, for arbitrary large q .
⋄
In particular, in an Einstein-de Sitter-like manifold, the sign condition (60) holds if and
only if α′′ ≤ 0 , i.e. if and only if c ≤ 1 .
6.3 Sectional diffusion in an Einstein-de Sitter-like manifold
We must have here c ≤ 1 . By (40), we have : for 0 ≤ k ≤ d and 1 ≤ m,n, p, q ≤ d,
R˜0nkq = δ0k c (c− 1) t2c−2 hnq and R˜mnpq = c2 t4c−2 [hmq hnp − hmp hnq]− t2c K˜mnpq .
Using Cartesian coordinates (xj) instead of spherical coordinates (r, ϕ, ψ) for the Euclidian
factor M = R3, we have merely :
R˜0nkq = c (c− 1) t2c−2 δ0k δnq and R˜mnpq = c2 t4c−2 [δmq δnp − δmp δnq] .
Thence, for 0 ≤ k ≤ d and 1 ≤ m,n, p, q ≤ d :
R˜0nkq = c(c−1) t−2c−2 δ0k δnq and R˜mnpq = c(c−1) t2c−2 δmp δtn δtq+c2 t−2 [δqm δnp−δmp δnq].
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And R˜ij = δij
(
3c (1− c) t−2δ0j + c (3c− 1) t2c−2[1− δ0j ]
)
, whence
R˜kn = −δkn c t−2
(
3(c− 1)δ0n + (3c− 1)[1− δ0n]
)
.
And by (39), the non-vanishing Christoffel coefficients are :
Γk0j = Γ
k
j0 = c t
−1 δkj , and Γ
0
ij = c t
2c−1 δij , for 1 ≤ i, j, k ≤ d .
Therefore, by Proposition 6.1.5, we have :
H1curv = ξ˙j
∂
∂ξj
− ξ˙iξ˙j Γkij
∂
∂ξ˙k
+ ̺
2
2
ξ˙nR˜kn
∂
∂ξ˙k
− ̺2
2
ξ˙pξ˙q R˜pkqℓ ∂
2
∂ξ˙k∂ξ˙ℓ
= ξ˙j
∂
∂ξj
− c
t
(t˙2 − 1) ∂
∂t˙
− 2c
t
t˙ x˙j
∂
∂x˙j
− 3̺
2c
2 t2
(c− 1) t˙ ∂
∂t˙
− ̺
2c
2 t2
(3c− 1) x˙j ∂
∂x˙j
− ̺
2c (c− 1)
2 t2
(t˙2 − 1) ∂
2
∂t˙2
− ̺
2c (c− 1)
2 t2c+2
t˙2∆x +
̺2c2
2 t2
[
t−2c(t˙2 − 1)∆x − x˙ix˙j ∂
2
∂x˙i∂x˙j
]
= ξ˙j
∂
∂ξj
− c
t
(t˙2 − 1) ∂
∂t˙
− 3̺
2c
2 t2
(c− 1) t˙ ∂
∂t˙
− 2c
t
t˙ x˙j
∂
∂x˙j
− ̺
2c (3c− 1)
2 t2
x˙j
∂
∂x˙j
+
̺2c (1− c)
2 t2
(t˙2 − 1) ∂
2
∂t˙2
+
̺2c
2 t2c+2
(t˙2 − c)∆x − ̺
2c2
2 t2
x˙ix˙j
∂2
∂x˙i∂x˙j
.
We see that even in this simple case, the sectional and curvature diffusion differ tangibly,
apart from the fact that the range of values of c for which they are defined are different.
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